LOCALIZATION ON 4 SITES FOR VERTEX-REINFORCED 
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Abstract. We characterize non-decreasing weight functions for which the 
associated one-dimensional vertex reinforced random walk (VRRW) localizes 
on 4 sites. A phase transition appears for weights of order n log log n: for 
weights growing faster than this rate, the VRRW localizes almost surely on at 
most 4 sites whereas for weights growing slower, the VRRW cannot localize on 
less than 5 sites. When w is of order n log log n, the VRRW localizes almost 
surely on either 4 or 5 sites, both events happening with positive probability. 



1. Introduction 

The model of the vertex reinforced random walk (VRRW) was first introduced 
by Pemantle [9] in 1992. It describes a discrete random walk X = (X n , n > 0) on 
a graph G, which jumps, at each unit of time n, from its actual position towards a 
neighboring site y with probability proportional to w(Z n (y)), where w : N — > Rl is 
some deterministic weight sequence and where Z n (y) is the local time of the walk 
at site y and time n. Thus, when w is non-decreasing, the walk tends to favor sites 
it has already visited many times in the past. 

A striking feature of the model is that, depending on the reinforcement scheme 
w, it is possible for the walk to get "trapped" and visits only finitely many sites, 
even on an infinite graph. In this case, we say that the walk localizes. This unusual 
behaviour was first observed by Pemantle and Volkov [11] who proved that, with 
positive probability, the VRRW on the integer lattice Z with linear weight w(n) = 
an + 1 visits only 5 sites infinitely often. This result was later completed by Tarres 
[14] (see also [H] for a more recent and concise proof) who showed that localization 
of the walk on 5 sites occurs almost surely. More generally, Volkov [TB] and more 
recently Bena'im and Tarres [5] proved that the linearly reinforced VRRW localizes 
with positive probability on any graph with bounded degree. It is conjectured that 
this localization happens, in fact, with probability 1. However, this seems a very 
challenging question as it is usually difficult to prove almost sure asymptotics for 
VRRW (let us note that, even in the one-dimensional case, Tarres's proof of almost 
sure localization is quite elaborate). 

A seemingly closely related model is the so-called edge reinforced random walk 
(ERRW), introduced by Coppersmith and Diaconis [4] in 1987. The difference 
between VRRW and ERRW is only that the transition probabilities for ERRW 
depend on the edge local time of the walk instead of the site local time. In the 
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one-dimensional case, Davis [5] proved that the ERRW with non-decreasing rein- 
forcement weight function w is recurrent (i.e. the walk visits all sites infinitely often 
almost surely) i.f.f. 

00 1 

(i) y^=°°- 

^ w(i) 

Otherwise, the walk ultimately localizes on two consecutive sites almost surely. 

It may seem natural to expect a similar simple criterion for VRRW. However, 
the picture turns out to be much more complicated than for ERRW because the 
walk may localize on subgraphs of cardinality larger than 2. Only partial results 
are currently available. For instance, when condition ([1} fails and the sequence 
(w[n),n > 0) is non-decreasing, the VRRW also gets stuck on two consecutive 
siteqj. However, when (JXJ) holds, the walk may or may not localize depending 
on the weight function w. In particular, it is conjectured that for reinforcements 
w(n) ~ rt Q , the walk is recurrent for a < 1 and localizes on 5 sites for a = 1. 
In this direction, it is proved in [T7] that when w(n) is of order n a with a < 1, 
the VRRW cannot localize. When a < 1/2, this result was slightly refined by the 
second author in |12| . who proved that the process is either a.s. recurrent or a.s. 
transient. Yet, a proof of the recurrence of the walk in this seemingly simple setting 
is still missing. 

On the other hand (apart from the linear case) not much is known about the 
cardinality of the set of sites visited infinitely often when localization occurs and 
(|TJ) holds. The aim of this paper is to partially answer this question by investigating 
under which conditions the VRRW ultimately localizes on less than 5 sites. In order 
to do so, we shall associate to each weight function w a number a c (w) G [0, 00] (the 
precise definition of a c (w) is given in the next section). The main result of the 
paper states that: 

Theorem 1.1. Assume that w is non- decreasing and that |l| holds. Denote by 
R' the set of sites which are visited infinitely often by the VRRW and by \R'\ its 
cardinality. Then, defining a c (w) as in j3|, we have 

\R'\ = 4 with positive probability a c (w) < 00. 

\R'\ =4 almost surely a c (w) = 0. 

\R'\ equals 4 or 5 a.s., both events , N ,„ N 

• vn. 7 7 . 1 . , a c {w) G (0,oo). 

occurring with positive probability 

It is easy to see that a VRRW can never localize on 3 sites (see Proposition 
14. 2p therefore Theorem II . II combined with criterion (JlJ for localization on two sites 
covers all possible cases where a VRRW with non-decreasing weight localizes with 
positive probability on less than 5 sites. 

The last part of the theorem shows that the size of R' can itself be random. Such 
a result was already observed for graphs like Z d , d > 2 (for linear reinforcement) 
where different non-trivial localization patterns may occur (see [2|I16|). Yet we find 



^This result first appears at the end of 1171 . However, there is a mistake in the original 
argument. For the sake of completness, we give an other proof of this result (for non-decreasing 
weight sequences) in Proposition 14. II 
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this result more surprising in the one-dimensional setting since R' is necessarily an 
interval. 

The parameter a c (w) can be explicitly calculated for a large class of weights w. 
In particular, if w(n) ~ n log log n, then a c (w) = 1. Moreover, 

Proposition 1.2. for any non- decreasing weight function w such that ([T]) holds: 

w(n) ^ n log log n a c (ui) = 0. 

iy(n) x@nloglogn =>■ a c (u;) G (0, oo). 
w(n) <C nloglogn a c (w) — oo. 

Let us mention that, when a c (iy) = oo, Theorem 11.11 simply states that, if the 
walk localizes, \R'\ > 5 necessarily. In fact, it is proved in a forthcoming paper (1 
that there exist non-decreasing weight functions w for which the VRRW localizes 
almost surely on finite sets of arbitrarily large cardinality (this result is, in a way, 
similar to those proved in [HI [7] for another related model of self- interacting random 
walks). 

The proof of Theorem 11.11 is based on two main techniques. First we use mar- 
tingales arguments which were introduced by Tarres in [141 115] , These martingales 
have the advantage of taking into account the facts that, on each site, the pro- 
cess is roughly governed by an urn process, but also the fact that all these urns 
are strongly correlated. The second tool is a continuous time construction of the 
VRRW, called Rubin's construction, which was already used by Davis [5] for urn 
processes, and by Sellke in [13] in the case of edge reinforcement. Tarres introduced 
in [15] a variant of this construction, which allows for powerful couplings in the case 
of non-decreasing weights and which will be very useful in this study. 

The remainder of the paper is organized as follows. In the next section we 
give some simple results concerning w-urns processes which will play an important 
role in the proof of the theorem. In Section [3l we recall some classical results 
concerning VRRW. The proof of Theorem 11.11 is provided in Section 0] Finally we 
prove Proposition ll.2l in the appendix along with other technical lemmas concerning 
properties of the critical parameter a c (w). 

2. Ui-URN PROCESSES 

2.1. Weight function w and the parameter a c . In the rest of the paper, we 
call weight sequence w a sequence (w(n),n > 0) of positive real numbers. It will 
be convenient to extend w into a weight function w : M. + — > M.*^ by w(t) = w([t\) 
where [t\ stands for the integer part of t. Then, given w, we set 




2 we use the notation / 3> g, when f{n)/g(n) — > oo. 

3 we say that / X g when there exists a constant c > 0, such that c _1 f(n) < g(n) < c/(n), for 
all n large enough. 
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When condition ([lj holds, we have W(oo) = oo and W is an homeomorphism of 
whose inverse we denote by W^ 1 . Then, for a > 0, we define the integral 

f 00 dx _ f 00 wjW-^y)) 

( ) q(W): ~X w(W-HW(x)+a))- I w(W-Hy + a)) ^ 

If furthermore we assume that w is non-decreasing, then a — > I a (w) is non- 
increasing and we can define the critical parameter a c (w) by 

(3) a c (w) := inf{a > : I a (w) < oo} € [0, oo] 

with the convention that inf = oo. 

2.2. w-urn processes. A iy-urn is a process (R n , B n ) n >o defined on some proba- 
bility space (Q, J 7 , P), such that for all n > 0, R n + B n = n, R n +i € {R n ,R n + 1}, 
and 

F{R n+1 =R n + l}= " ( f" } , RV 

We call R n (resp. B„) the number of red (resp. blue) balls in the urn after the 
n-th draw. Set R^ = lim, i _ i . 00 R n and = lim„_ i . 00 B n . 

Our interest towards w-urn processes comes from fact that, if we consider a 
VRRW on the finite set {—1,0, 1} {i.e. the walk reflected at 1 and —1, see Section 
13. 4p . then joint local times of the walk at sites 1 and —1 and at time 2n is exactly 
a w-urn process. The next proposition describes the asymptotic behavior of such 
an urn. Several arguments used during the proof of the result below will also play 
an important role when proving Theorem 11.11 

Proposition 2.1. For any weight sequence w (not necessarily non-decreasing) , we 
have 

— — — < +oo •<=>■ i?oo < +oo or Boo < +°° a - s - 
z — ' win) 

n>0 y ' 

The process M = (M n , n > 0) defined by M n := W(R n ) — W(B n ) is a martingale. 
Moreover, 

(a) // ~^2 n l/w(n) = oo and J~) l/w(n) < +oo, then M n converges a.s. to 
some random variable M^, which admits a symmetric density with un- 
bounded support. 

(b) If ^ n l/w(n) 2 = oo and mf n w(n) > 0, then liminfiVf ra = — oo and 
limsupAf„ = +oo a.s. 

Proof. The first equivalence is well known (see, for instance [10] ) and follows im- 
mediately from Rubin's construction of the urn process which we will recall below. 
Let us note that we can rewrite M in the form 

n-l 

Mr,. = 



V - ^ / l{tho (k + l)-th draw is Rod} l{the (k + l)-th draw is Blue} 



k=Q 



w(R k ) w{B k ) 
Therefore, M is clearly a martingale. Let 
V n ■■= 5Z(M fe+1 -M fe ) 2 

k<r, 



ST~^ I l{thc (k + l)-th draw is Red} l{the (fc + l)-th draw is Blue} 



k<i 



w(R k ) 2 w{B k f 
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We have 

oo 

E[M^]=E[V n . 1 }<2j2 



w(k) 2 

k=0 v ' 

Thus, when assumption (a) holds, M converges almost surely and in L 2 towards 
some random variable M^. We now use Rubin's construction to identify this limit: 
let (£n> n > 0) and (£' n , n > 0) be two sequences of independent exponential random 
variables with mean 1. Define the random times tk = £,o/w(0) + • • ■ + £fc/u>(fc) and 
^4 = £'o/ w (fy + ' ' ' + £,'kl w {k)- We can construct the w-urn process (i? n , B n ) from 
these two sequences by adding a red ball in the urn at each instant (tk)k>o and a 
blue ball at each instant (t' k )k>o (see the appendix in [5] for details). Using this 
construction, we can rewrite M n in the form 

c B n -1 , R n -\ B„-l , 

M = V - V Sfc + V - V 5 fe 

" Z^ ,„ci.^ Z^ ,„/Vi ^ Z^ ,„c^ Z^ 



fe=0 v y fc=o v ; fc=o v ' k=0 v ' 



Observe that, by construction, for any n, 

< max 



?n('fc , l Z^ 



fc=0 V ' k=0 y ' 



w(i? n ) ' w{B n ) t 

Since a.s. i?„ A £?„ — > oo, we deduce that the r.h.s. above tends to a.s. hence 



1 c i c 

j—^ w(k) w(k) 

Both sums in the r.h.s. of the previous equation converge because they have a finite 
second moment. Thus, admits a symmetric density with unbounded support 
since the £„'s and £^'s are independent and £o has a non- vanishing density on R + . 

It remains to prove (b). Let us observe that, when inf„ w(n) > 0, the mar- 
tingale M n has bounded increments. Using Theorem 2.14 in [8], it follows that, 
a.s., either M n converges or limsupMn = +oo and liminf M n = — oo. Moreover, 
when ^] n l/w(n) 2 = oo, we have lim TI _ ) . 00 V n = oo a.s. Therefore, we can define 
k n := inf{m : V m > n} and Theorem 3.2 of [5] states that Mk n /\/n converges in 
law towards a standard normal variable. In particular, M cannot converge. This 
completes the proof of the proposition. □ 

The next result illustrates how the parameter a c (w) of Theorem 11.11 naturally 
appears in connection with u>-urns. 

Corollary 2.2. Consider a w-urn (R n , B n ). Assume that w is non- decreasing with 
En l/w(ri) = oo and £T l/w{n) 2 < oo and set 

oo oo 
V B \ ^{the (k + l)-th draw is Blue} \rR \ *-{the (k + l)-th draw is Red} 

Then, we have 

(i) If a c (w) = then, a.s., min(Y~ s ,Y R ) < oo. 

(ii) Ifa c (w) e (0,oo) then P{min(Y~ s , Y R ) < oo} € (0,1). 

(iii) If a c (w) = oo then, a.s., min(Y B ,Y R ) = oo. 



(> 
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Proof. According to Proposition 12. 1( W(R n ) — W{B n ) converges to some random 
variable with a symmetric density and unbounded support. Let 8 = \Moc\f2. 
On the event {Moo > 0}, we have, for n large enough, 

W(n) > W(R„) > W(B n ) + 8 

which yields, for some (random but finite) constant c 

oo oo 
r B ^ ^{tho (k + l)-th draw is Blue} 



yrB ^ x {the (k + l)-th draw is Blue} 



w{W~ 1 {W[B k ) + 8)) ^ wiW-^W^k) + 5)) ' 
Thus, by symmetry and using P{Moo = 0} = 0, we get, a.s., 



mm(Y B ,Y R ) < ]T 



c 



w(W- 1 {W(k) + 5)) 

This proves (i) and also that ¥{mm(Y B ,Y R ) < oo} > whenever a c {w) € (0, oo). 
Conversely, set 8' = 2|Moo|. On the event {Moo > 0}, we have, for n large enough 

n = B n + R n <B n + W-\W{B n ) + 5') < Rn + W-\W{R n ) + 8'). 

This gives 



oo oo 
yB ^ ^{tho (k + l)-th draw is Blue} v 



c 



_ o w(B k + W-^WiBk) + <$')) f^ w(k + W~ 1 {W(k) + 8')) 
and the same bound also holds for Y R . Therefore, by symmetry, we get, a.s., 

CO 

minfr s Y R ) > V - 

[ ' ' ~ ^ w (k + W- 1 (W(k) + S')y 

We conclude the proof using Lemma 15.61 of the appendix which insures that the 
sum above is infinite when 6' < a c (w). □ 

3. Vertex reinforced random walk 

3.1. The VRRW. In the remainder of the paper, given the weight sequence w, 
(X n ,n > 0) will denote a nearest neighbour random walk on the integer lattice Z, 
starting from Xq = with transition probabilities given by 

(5) F{X n+1 = x ±l | 7n} = -, ^^Sl Wv 

w(Z n (x + 1)) + w(Z n (x - 1)) 

where (J- ni n > 0) is the natural filtration ct(Xq, . . . ,X n ) and Z n (y) stands, up to 
a constant, for the local time of X at site y and at time n: 

n 

Zn(y) ■= z (y) + 1 {X k =y}- 

k=0 

We call the sequence C := (zo(y), y € Z) the initial local time configuration. We 
say that X is a VRRW when it starts from the trivial configuration Co := (0, 0, . . .). 
However, it will sometimes be convenient to consider the walk starting from some 
other configuration C. In that case, we shall mention it explicitly and emphasize 
this fact by calling X a C-VRRW. 

In the rest of this section, we collect some important results concerning the 
VRRW which we will use during the proof of Theorem 11.11 in Section |U For addi- 
tional details, we refer the reader to [51 fTUl [13l [T4l [15] and the references therein. 
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3.2. The martingales M n (x). For x <G Z, define Zoo(a;) := lim„^oo Z n (x). Recall 
that i?' stands for the set of sites visited infinitely often by the walk: 

R! := {x e Z : ^(.t) = oo}. 

The following quantities will be of interest: 

^ u;(Z fc (a:±l)) 

and 

It is a basic observation due to Tarres |14l [T5] that (M n (x),n > 1) is a martingale 
for each ieZ. Moreover, if 

oo 1 

v ; ^ win) 2 

n=0 v y 

then these martingales are bounded in L 2 , and thus converge a.s. and in L 2 towards 

M oc (a;) := lim M n {x). 



We will also consider the (possibly infinite) limits: 

n— )-oc 



Y±{x) := lim Y±{x). 

n— >oo 

From the definition of K ± , we directly obtain the identity 

(8) - 1) + Y~(x + 1) = W(Z n (a:)) - W(l)l {x=0} , 
which holds for all a; € Z and all n > 0. In particular, we get 

W{Z n (x + 2)) - W(Z n (x)) = Y-(x + 3) - T+(.x - 1) + M n (x + 1) 

+ W(l)(l {a= _ 2 }-l { x=o}). 

More generally, if we now consider a C-VRRW starting from some arbitrary initial 
local time configuration C, then M n (x) is still a martingale and the equation above 
takes the form 

(9) W(Z n (x + 2)) - W(Z n (x)) = Y~(x + 3) - Y+(x - 1) + M n (x + 1) + c(x,C). 
where c(x,C) is some constant depending only on x and on the configuration C. 

3.3. Time-line construction of the VRRW. We now describe a method to 
construct the VRRW for a collection of exponential random variables which is in 
a way similar to Rubin's algorithm for w-urns. This construction was introduced 
by Tarres in [TS] and may be seen as a variant for the VRRW of the continuous 
time construction previously described by Sellke in [T3| for edge reinforced random 
walks. One of the main advantages of this construction is that it enables to create 
non-trivial coupling between VRRWs. Let us fix a sequence 

£:= >0,j/eZ)e< 

of positive real numbers. The value £ r 7(y) (resp. £n(u)) w ^ be related to the 
duration of a clock attached to the oriented edge (y, y — 1) (resp. (y, y+ 1)). Given 
this sequence, we create a deterministic, integer valued, continuous-time process 
(X(t),t > 0) in the following way: 
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tim mo) 

2 | 

« -(2)Mi) 

1 | 

«f(l)/t«(2) 

tf(O)MO), Ci + (»)/»'(2), C 2 + (0)/«'(3) 
1 

e -(o)/« ; (o) ?r(o)/»(i) 

- 1 

f -(-l)/B)(0) 

The clock processes The corresponding VRRW 

FIGURE 1 . Illustration of the time-line construction. 

• Set A(0) = and attach two clocks to the oriented edges (0, —1) and (0, 1) 
ringing respectively at times £q~(0)/u>(0) and £q(0)/w(0). 

• When the first clock rings at time t\ := £q (0)/tu(0) A £q(0)/w(0), stop 
both clocks and set X(ti) = ±1 depending on which clock rung first, (if 
both clocks ring at the same time, we decide that A stays at forever). 

Assume that we have constructed X up to some time t > at which time the 
process makes a right jump from some site x — 1 to x. Denote by k the number of 
jumps from x to x — 1 and by m the number of visits to x — 1 before time t. We 
follow the procedure below: 

• Start a new clock attached to the oriented edge (x, x — 1), which will ring 
after a time £^{x)/w(m). 

• If the process already visited x some time in the past, restart the clock 
attached to the oriented edge (x, x + 1) which had previously been stopped 
when the process last left site x. Otherwise, start the first clock for this 
edge which will ring at time £q(x)/w(0). 

• As soon as one of these two clocks rings, stop both of them and let the 
process jump along the edge corresponding to the clock which rung first (if 
both clocks ring at the same time, we decide that X stays in x forever). 

We use a similar rule when the process makes a left jump from some site x to x— 1. 
We say that this construction fails if at some time, two clocks ring simultaneously. 
Let now r, stand for the time of the i-th jump of X (with the convention tq = and 
T n +i = t„ if X does not move after time r„) and define the discrete time process 
X = (X n , n > 0) by 

X n := X(t„). 

It is an elementary observation that if we now choose the (y) to be independent 
exponential random variables with mean 1, then the construction does not fail with 
probability 1 and the resulting process A is a VRRW with weight w. 

Remark 3.1. For the sake of clarity, we only describe the construction for the 
VRRW starting from the trivial configuration Cq. However, it is clear that we can 
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do a similar construction for any C-VRRW by simply replacing the duration of the 
clocks £j^(x)/w(m) with ^(x)/w(zq(x ± 1) + m). 

A remarkable feature of this construction comes from the fact that we can si- 
multaneously create a family (iW, u > 0) of processes with nice monotonicity 
properties with respect to the u parameter. To this end, define, for i£Z, 

H x := ((^(y),n>0,y 9 6x),(C(s) ) n>0) ) K+(a?),n>l)) elj. 
Then, given % x together with a real number u > 0, the pair (H x ,u) defines a 
deterministic process using the construction above with 

£q (x) = u. The following lemma is easily obtained by induction. 

Lemma 3.2 (Tarres |15|). Suppose that w is non- decreasing. Fix T-L x and < u < 

u' and assume that the construction for X^ u > and X^ u > both succeed. Given y G Z 
and k > 1, denote by a (resp. a') the time when (resp. X^ u > ) visits y for the 
k-th time. If a and a' are both finite, then 

Z<?> (y + l)> Z$'\y + 1) and (y - 1) < Z$'\y 1) 

NV> (y,y+l)> (y, y + 1) and N<?> (y, y-l)< (y, y-1), 

where Zn stands the local time of X^ and Nn\y,y± 1) denotes the number of 
jumps from y to y ± 1 up to time n. Moreover, denote by 9^ (resp. 6' ) the time 
when (resp. X( u "> ) jumps for the k-th time from y to y±l. If these quantities 

are finite, then 

Y g { : )+ (y) < Y^ + (y) and (y) > Y^-(y), 

where Y^^ is defined as in ([6]) for the process . 

The combination of the time-line construction of the walk from i.i.d. exponential 
random variables together with Lemma 13.21 yields a simple proof of the following 
key result concerning the localization of the VRRW: 

Lemma 3.3 (Tarres |15|). Assume that w is non- decreasing and that l/w(n) 2 
is finite. Then, for any a.s., 

{Y+{x) <oo} = {Y^ix) < oo} = {Z x (x - 1) < oo} U {Z m (i + 1) < oo}. 

Proof. This result is proved in |15j only for linear reinforcements w but the same 
arguments apply, in fact, for any non-decreasing weight function. However, since 
some details are omitted in |15] , for the sake of completeness, we provide here a 
detailed proof (differing in some aspects from the original one). The first equality 
{Y^(x) < oo} = {Y^{x) < oo} follows from the fact that the martingale M n (x) 
converges a.s. to some finite limit when J2n^/ W ( n ) 2 ^ s finite- Concerning the 
second equality, the inclusion 

{Y+(x) < oo} = {Y~(x) < oo} D {Zocix - I) < oo} U {Z^x + 1 ) < oo}. 

is straightforward (one of the sums Y^ has only a finite number of terms). We use 
the time-line construction of the VRRW X from the sequence n > 0, y G Z) 

to prove the converse inclusion. Denote by Nj~(x, x ± 1) the number of jumps of X 
from x to x ± 1 before time k, and set 

± _sr^ l{x k =x, x k+1 =x±i}^ Nk ^ x ^ x ±i){x) 
x ^ w(Z k (x±l)) ' 
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Thus, represents the total time consumed by the clocks attached to oriented 
edge (x, x ± 1). We claim that 

(10) {Y+(x) < oo} n {ZooOr - 1) = oo} n {Zaofr + 1) = oo} C {T+ = T~ < oo}. 

We prove the result for x < (the proof for x > and x = are similar). Let Ok 
denote the time of the fc-th jump from site x + 1 to x and let ik be the local time 
at site x + 1 and at time #fc. With this notation, on the event {Z co (x + 1) = oo}, 
we can write 

r+ = E^-i(^)^%^ ^d y+(. x ) = Viitei. 



Define now 

n-l 



l{e fc <oo} 



fe=i 

Recall that (T n ,n > 0) stands for the natural filtration of X and notice that ik is 
Fg k -measurable whereas ^_ 1 (x) is independent of J r g k . Thus, (T^(x),n > 1) is a 
T$ n -martingale. Moreover, using that w(ik) > w(k) for all k > 1, it follows that 
the L -norm of this martingale is bounded by 53fc>o '"'W ^ 00 ■ particular, 
this implies that Y+(x) is finite if and only if T+ is finite. It is also clear from 
the construction of the time-line process that, on the event {Z OQ (x — 1) = oo} n 
{Zoo(x + 1) = oo}, we have T+ = T^T. Thus we have established ([TUl) . 

It remains to prove that the event 

£ x := {T+ = T- < oo} n {^(x - 1) = 00} n {Z^x + 1) = 00} 

has probability 0. Recall the notation 

U x := ((£(»), n > 0)^, (CW,n> 0), (C(x),n> 1)) G K+- 

and denote by /1 the product measure on MS. under which T~L X is a collection of 
i.i.d. exponential random variables with mean 1. Given £q (x), the pair (H x , £q(x)) 
defines the (deterministic) process X = X(H X , £jj~(x)) Y1& the time- line construction 
and X under the product law P := fi x Exp(l) is a VRRW. 

Let us note that, for /x-a.e. realization of % x , the set of values of £q~(x) suc h 
that the time-line construction fails is countable hence has zero Lebesgue measure. 
Moreover, Lemma 13.21 implies that, for any (J-L x ,u) and (H x ,u') in £ x with u' > u, 
we have 

T+{H x ,u')>T+(H x ,u) and T~ (H x ,u r ) < T~ (U x ,u). 

Thus, for any H x , there is at most one value of £,q(x) such that ("H^, £^~(x)) £ £ x . 
This yields 

= e- u l mx!u)e£x} duj = E„(0) = 0. 

□ 



A weaker statement can also be obtained when the assumptions of Lemma 13.31 
do not hold. 

Lemma 3.4. For any weight sequence w and for any x € Z, we Ziaue, a.s. 
{Zoo(x - 1) < 00} U {Z x (x + 1) < 00} C {Y+(x) < 00} n {F^(x) < 00}. 
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Proof. By symmetry, we can assume without loss of generality that Z ao (x— 1) < oo. 
On the one hand, Y^(x) is finite since it is a sum with a finite number of terms. 
On the other hand, the conditional Borel-Cantelli lemma implies that Y^(x) < oo 
(apply for instance the theorem of [3] with the sequence lsx k =x-l})- 

3.4. VRRW restricted to a finite set. In the sequel, it will be convenient to 
consider the vertex reinforced random walk restricted to some interval [a, 6] := 
{x G Z : a < x < b} for some a < < b, i.e. a walk with the same transition 
probabilities ([5]) as the VRRW X on Z except at the boundary sites a and b where 
it is reflected. We shall use the notation X to denote this reflected process. We 
also add a bar to denote all the quantities Zy^^M,. . .related with the reflected 
process X. 

Remark 3.5. Let us emphasize the fact that, for x G ]a, b\, the processes M n (x) := 
Y+(x) — Y~{x) are still martingales, which are bounded in L 2 when ([7]) holds. In 
particular, Lemma \3.3\ still holds for the reflected random walk for all site x G ]a, b\. 
However, M n (a) and M n (b) are not martingales anymore. In particular, Y^(a) or 
Y^(b) can be infinite whereas Y^(a) and Y+(b) are, by construction, always equal 
to 0. 

We can construct the VRRW X restricted to the interval [a, bj using the same 
time-line construction used for X, choosing again the random variables £t(x) inde- 
pendent and exponentially distributed except for the two boundary r.v. £^(a) and 
£o"(&) which are now chosen equal to oo (this prevent the walk from ever jumping 
from a to a — 1 or from b to b + 1). Let us note that, this construction depends 
only upon (£±(x),n > 0,x G ]a,&I). 

Let X' denote another VRRW restricted to [a, 6'J D [a, b\ for some b 1 > b. 
Using the time-line construction for X and X' with the same random variables 
£j^{x), except for £q~(6), we directly deduce from Lemma 13.21 a monotonicity result 
between the local time processes of X and X 1 : 

Lemma 3.6. Assume that w is non- decreasing. Fix z G [a, 6] and k > 1, let a, a' be 
the times when X, X' visit z for the k-th times. On the event {a < oo and a' < oo}, 
we have, a.s., 

Z a (z + 1) < Z' a ,(z + l) and Z a {z - 1) > Z' a ,(z - 1) 
N*(z,z+i) < N' a ,{z,z+l) and N a (z, z - 1) > N^,(z, z - 1), 

where N and N' are defined as in Lemma \3.2\ for X and X' . Moreover, if we denote 
by 9 ± (resp. 6' ) the time when X (resp. X' ) jump for the k-th time from z to 
z±l, then, on the event of these quantities being finite, we have, a.s., 

Y e + + (z)> ?;+ (z) and Y~ (z) < Y'~_ (z). 

We conclude this section with a simple lemma we will repeatedly invoke to reduce 
the study of the localization properties of the VRRW X on Z to those of the VRRW 
X restricted to a finite set. 

Lemma 3.7. For N > 0, let X be a VRRW on [0, Nj and define the events 

£ = {Y+(0) <oo}n{V M (A0 <oo}, 
8 ' = £C\{X visits all sites of [0, Nj i.o.}. 
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(i) If £ (resp. £') has positive probability, then the VRRW on Z has positive 
probability to localize on a subset of length at most (resp. equal to) N + 1. 

(ii) Reciprocally, if the VRRW on Z has positive probability to localize on a 
subset of length at most (resp. exactly) N+l, then there exists some initial 
local time configuration C such that, for the C-VRRW on [0, NJ, the event 
£ (resp. £' ) has positive probability. 

Proof. Define a sequence (xn)n>o of random variables which are, conditionally on 
X, independent with law 

HXn =1\X} = 1- W{Xn =Q\X}= + m rl Q)l /#T^ } UY 

w(0) + w(Z n (l)) w{0) + w(Z n (N - 1)) 
The Borel-Cantelli Lemma applied to the sequence (xn) yields 

(11) £c{j2Xn<™}- 

Let us also note that if P{X] Xn < oo} > 0, then necessarily P{X) Xn = 0} > since 
we just need to change a finite number of Xn- Moreover, it is clear that we can 
construct a VRRW X on Z and a reflected random walk X on [0, NJ on the same 
probability space in such way that X and X coincide on the event {J^Xn = 0}. 
Therefore, if ¥>{£} > 0, it follows from ((TTJ that the VRRW X on Z localizes on 
JO, NJ with positive probability. Moreover, if P{£'} > 0, we find that 

p|{^Xn = 0} n {X visits all sites of [[0,7V] i.o.}| > 

which implies that, with positive probability, X visits every site of [0, NJ i.o. with- 
out ever exiting the interval. 

Reciprocally, if the VRRW on Z has positive probability to localize on some 
interval \x,x + N}, then, clearly, there exists some initial local time configuration 
C on Z such that the C-VRRW on Z has positive probability never to exit the 
interval [0,iV]. On this event, the C-VRRW on Z and the restricted C-VRRW on 
[0, NJ coincide. We conclude the proof using Lemma 13.41 which implies that, on 
this event, F+(0) and Y^iN) are both finite. □ 

4. Proof of Theorem 11.11 

We split the proof of the theorem into several propositions. We start with two 
elementary observations: 

Proposition 4.1. Let w be a weight sequence. 

• If ^2 = oo, then we have, a.s., \R'\ ^ 2. 

• Conversely, if the sum above is finite and the weight sequence w is non- 
decreasing, then, a.s., \R \ = 2. 

Proof. Assume that ^/w(k) = oo and consider the reflected VRRW X on [0, 1] 
starting from some initial configuration C. We have 



1 - oo 

Thus, Lemma 1X71 implies that P{|i?'| = 2} = 0. 

Reciprocally, if w is non-decreasing and ^2 l/w(k) < oo, then ^ l/w(k) 2 < oo 
and we can invoke Lemma |3~31 to conclude. □ 
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Proposition 4.2. For any weight sequence w, we have, a.s., \R'\ =/= 3. 

Proof. Consider the reflected VRRW X on [0, 2] starting from some initial config- 
uration C. We distinguish two cases: 

• if ^ l/w(n) < oo, then Rubin's construction at site 1 implies that either 
or 2 is visited only finitely many times (notice that we do not require here 
w to be monotonic). 

• if ^2 l/w(n) — oo, then we have 

y+(o) + r-(2) = ^ { % +1 =^ = E 4t = to - 

Thus, in both cases, Lemma \3 . 71 implies that P{|i?'| = 3} = 0. 

□ 

Remark 4.3. Let us note that the result above does not hold for edge-reinforced 
random walks: if, for instance, w(n) — 1 when n is even and win) = n 2 when n is 
odd, then R! = {-1, 0, 1} a.s., see Sellke [13] . 

In the rest of the paper, given two sequences (u n ) n >i and (v n ) n >i, we shall use 
Tarres's notation P31 [T5] and write u n = v n , when (u n — v n )n>i is a converging 
sequence. 

Lemma 4.4. Assume that w is non- decreasing. Then 

\R'\ = 4 with positive probability =>■ — — — < oo. 

w(n) z 

n>0 y 1 

Proof. Assume that ^l/u>(n) 2 = oo. Let X be a VRRW on [[0,3] starting from 
some initial configuration C. Recall that @ states that 

w(z n (2))-w(z n (o)) = y-(3)-y+(-i) + M„(i) + c 

(12) = y-(3) + M„(l) + c, 

where c is some constant depending on the initial configuration C. Assume now 
that ^(3) is finite and let us prove that necessarily ^(0) = oo. Equation (fT~2|) 
becomes 

(13) W(Z n (2))-W(Z n (0)) = M n (l). 

According to Theorem 2.14 of [5], either M n (l) converges or HmsupM„(l) = 
— liminf M„(l) = oo. On one hand, remark that 

^ ^ w(Z n (0)) z 

n>0 n>0 

Hence, on the event {Zoo(O) = oo}, we have limsup M n = — liminf M n = oo. On 
the other hand, by periodicity, Z oo (2)V^ oo (0) = oo. Recalling that lim^^oo W(x) — 
oo, we deduce, using (fT3")) that {M„(l) converges} C {2^(2) = oo}n{Z oo (0) = oo}. 
Therefore, a.s., 

liminf M n (l) = — oo and limsup M n (l) = +oo. 
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In particular, there exists a.s. arbitrarily large integers n, such that W(Z n (0)) > 
W(Z n (2)) + 1. Pick such an n and let m be the largest integer smaller than n such 
that W{Z m {0)) < W(Z m (2)). For k € {m,n], we have Z k (0) > Z k {2) hence 

Z k {l) < Z k (0) + Z k {2) + Z (l) < 3Z fc (0), 

assuming that n is large enough. Since w is non-decreasing, we get 



z„(o) 

" <H ,tu(3^ fc (0)) tw(3i) 

fce(m,n] v y " ke(m,n] v v " i=Z m (0)+l 



> ±{w(Z n (0)) - W(Z m (0) + 1)} > \ 
As this holds for infinitely many n, we deduce that, a.s. 

00 1 ; ^w(Z k {l)) 
We conclude by using Lemma T3. 71 □ 

Let us note that Lemma 14.41 together with Lemma 15.31 of the appendix imply 
that, for any non-decreasing weight sequence w, we have 

P{|i?'| = 4} > or aJw) < oo =>■ V ——r < oo. 

win) 2 ' 

n x 

Hence, when proving Theorem ll.il we can assume, without loss of generality, that 
S n l/^C 71 -) 2 < °°- I n particular, the martingales introduced in Section r3.2l converge 
a.s. and in L 2 . 

Proposition 4.5. Assume that w is non- decreasing and that (fTJ) holds. We have 

\R\ =4 with positive probability a c (w) < oo. 

Proof. Let us first suppose that \R'\ =4 with positive probability. Thus, according 
to Lemma IB~71 there exists some initial local time configuration C such that, for the 
C-VRRW X on [0,3], the event £ := {Y+(0) < oo} n {Y~(S) < oo} has positive 
probability. Using ©, we find that 

W{Z n {2)) - W(Z n (0)) = F-(3) - Y+(-l) + M„(l) + C 
W(Z n (3)) - W(Z n (l)) = ?-(4) - F+(0) + M n (2) + C. 

As we already noticed, we can assume without loss of generality that ^ l/w(n) 2 < 
oo so the martingales M n (l) and M n (2) converge. Hence, there exist finite random 
variables a, /3, such that, on the event £, 

(14) W(Z n (l))-W(Z n (3))=a + o(l), 

W(Z n (2))-W(Z n (0))=/3 + o(l). 

For n large enough, this yields 

max(Z„(l),Z„(2)) < W-\W(max{Z n (fl), Z n (3))) + 7) 



LOCALIZATION ON 4 SITES FOR VRRW. 



15 



with 7 := \at\ + |/?| + 1. Hence, we have 

F+(o) + y-(3) = 



1 {X k =0} 1 {X k =3} 



k>0 

1 



w(Z k (l)) w{Z k {2)) 



> 



E 



{X fc G{0,3}} 



>Q w{msx{Z k (l),Z k {2))) 



> c y^ 1 {x fc g{o,3}}_ 

" fco ^" 1 (W r M^(0).^(3)))+7)) 

Therefore, on the event £, we have Ij(w) < oo. This shows that a c (w) < oo. 

We now prove the converse implication. Let us assume that Ig(w) < oo for 
some 5 > 0. In particular, ^2 n ^-/w{n) 2 < oo (c.f. Lemma I5.3j) . In view of 
Lemma 13.71 we will show that, for the reflected VRRW X on [0,3], the event 
{¥+(0) < oo} n {V^(3) < oo} has positive probability. This will insure that the 
VRRW on Z localizes with positive probability on a subset of size less or equal to 
4 which will complete the proof of the proposition since localization on 2 or 3 sites 
is not possible with our assumptions on w. 

We use the time-line construction. As explained in the previous section we can 
construct X from a sequence n > 0, y £ {1, 2}) of independent exponential 

random variables with mean 1. Observe that the sequences (£^(l)/w(n), n > 0) 
define a w-urn process via Rubin's construction (choosing + for the red balls). Let 
Moo(l) denote the limit of this urn defined as in Proposition 12.11 Then, we have 
-Moo(l) > S + 1 with positive probability. Recall the definition of Y R given in 
Corollary 12.21 and note that, on the event {Moo(l) > 6 + 1}, the random variable 
Y R is finite. Besides, using Lemma T3. 61 to compare X with the walk restricted on 
[0, 2] (which correspond to the urn process above), we get 

V+(0) < Y R < oo on the event {M^l) >S+ 1}. 

By symmetry, considering the limit Moo (2) of the urn process (^(2)/w(n),n > 0), 
we also find that 

V~(3) < oo on the event {Moo (2) <-5-l}. 

The random variables Moo(l) and Moo (2) being independent, we conclude that 
{V+(0) < oo} n {V^(3) < oo} has positive probability. □ 

Proposition 4.6. Assume that w is non- decreasing and that {T]) holds. We have 
a c (w) £ (0, oo) ==>■ \R | = 5 with positive probability. 

Proof. Assume that a c (w) £ (0,oo). In particular, we have J] n l/n;(ii) 2 < oo. 
Since the walks associated with a weight w and any non-zero multiple of w have 
the same law, we will assume without loss of generality that w(0) > 1. Let X 
denote the VRRW reflected on [0,4]. Let us prove that, with positive probability, 
?oo(0) an d V»(4) are both finite and X visits all sites of [0, 4] infinitely often. 

We use again the time-line representation explained in Section [3] except that 
we will change the construction slightly for the transition at site 2. Recall that 
according to the original construction, when the process jumps for the k-th time 
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from 1 (resp. 3) to 2 and has made m visits to 1 (resp. 3) before time t, then 
we attached to the oriented edge (2,1) (resp. (2,3)) a clock which rings after 
time £fc(2)/w(m) (resp. ££(2)/w(m)). In our new construction, we choose to 
attach instead a clock which rings after time £~(2)/u>(m) (resp. £+(2)/u;(m)). 
The random variables (£jjr(2), k > 0) being i.i.d, this modification does not change 
the law of X (some random variables £^(2) are simply never used). 

Fix some < e < 1 and consider the two w-urn processes u\ := (£^(l)/w(n), n > 
0), and W3 := (^(3)/w(n), n > 0). Since 5^(0) is stochastically smaller than it 
would be for the process reflected in [0, 2], using similar arguments as in the proof 
of Proposition I4.5( we see that there exists a set E\ C (R+) N , such that the event 
£\ := {u\ € has positive probability and on which Y+(0) < e 3 . By symmetry, 
there exists a set E2, such that £2 := {U3 G E2} has positive probability and on 
which Y^{4) < e 3 . By independence of the urns u\ and 1/3, the event £\ n £2 also 
has positive probability. In view of Lemma |3.7[ it remains to prove that, on this 
event, X visits all the sites of JO, 4] infinitely often with positive probability. 

We now consider the urn process U2 := (^{2)/w(n),n > 0). Recall that, ac- 
cording to we may express the limit M oc {2) of this urn in the form: 

i-a(2) \ ^n-c(2r 



(15) 



Moo (2) = 



n>0 



w(n) 



E 



w(n) 



Similarly, it is not difficult to check that we can also express the limit of the mar- 
tingale Me (2) := lim lwoo (y+(2) - f "(2)) in the form 



(16) 



Mo. (2) 



E 

n>0 



1 



w(Cn) 



E 



w(d n ) 



where (c n ,n > 0) and (d n ,n > 0) are the increasing (random) sequences such 
that Y+(2) = E Cfc <„ \/w{c k ) and Y~{2) = £ rffe < n l/w(d k ). The idea now is to 
compare Moo (2) and Moo (2) and prove that, on the event £\ n £2 their values are 
close. Then we will use the fact that Moo (2) has a density to deduce that Moo (2) 
can be smaller than a c (w). 

Subtracting (JTHJ) from (fTS"]) . we find that 



Moo (2) 



Moo (2) = £ 

n>0 



w(i„) 



E 

n>0 



!-^(2) 

W{jn) 



where (i n ,n > 0) and (j n ,n > 0) are the complementary sequences of (c„,n > 0) 
and (d n , n > 0). Moreover, using relation ([5]), we have 

^(0) = Et^T and ^(4)=E' 



But, using similar arguments as in the proof of (|T 



E 



E 

. n>0 



i-C( 2 ) 

w(i n ) 



£in£ 2 



< 



w(0) 



2 



= 3 



1 



n>0 V ' 



W(i n ) 

we obtain 



£1 n£ 2 



Y- 

n>0 



8 1 ne i 



<E[F-(4) l^nfa] <e 3 
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Using Tchebychev's inequality, we deduce 

P{|M 00 (2) - i0 oo (2)| > 2e | ^ n £ 2 ] < e. 

Recalling that Moo (2) nas a density with support on the whole of R (c.f. Proposition 
HHJ, we can pick 77 > such that P{|M QO (2)| < r]} = 2e. This yields 

P{|M 00 (2)| > 77 + 2e I £1 n £2} < 1 - 2e + e < 1 - e, 

so the set £3 := £1 n £2 H {|Moo(2))| < 77 + 2e} has positive probability. Moreover, 
we have, 

W(Z n (l)) - W(Z n (3)) = F+(0) - F"(4) - M n (2), 
and therefore, for all n large enough, on £3, 

Z n {2) < Z n {l) + Z n (3) < Z n (l) + ^^(^(l)) + r? + 4e). 
Choosing e small enough such that 6 := rj + Ae < a c (w), we obtain, for N large 



> E 



1 {X„ = l,A'„ + 1 =2} 



w(Z n (l) + W-i(W(Z n (l)) + 6)) 



> 1 \p 1 {x n =i J x n+1 =o} 

~ ^ N An + W-i(W(n)+6)) ^ w(Z n (l)) 



> 



V - Y+(0) 



It follows from Lemma 15.61 of the Appendix that Y^(l) is infinite on £3. By sym- 
metry, we also have 5^(3) = 00 on £ 3 . Therefore, according to Lemma [331 on £ 3 , 
the VRRW on JO, 4] visits every site infinitely often. This concludes the proof of 
the proposition. □ 

Proposition 4.7. Assume that w is non- decreasing and that (fTJ) holds. Then 

a c (w) < 00 ==£> \R \ G {4,5} almost surely. 

Proof. We first argue that, if a c (w) < 00, then R' is a.s. finite and non-empty. 
Indeed, recalling Lemma l3.6[ each time X visits a new site, say x > 0, as long as it 
does not visit x + 2, the restriction of X to the set {x — l,x,x + 1} can be coupled 
with a Tii-urn process in such a way that it always makes less jumps to x + 1 than 
the urn process. Then, Corollary 12.21 and Lemma 13.31 insure that X never visits 
x + 2 with a positive probability uniformly bounded from below by a constant 
depending only on this urn process (and therefore which does not depend on the 
past trajectory of X before its first visit to x). It follows that, a.s., limsupX„ < 00 
and by symmetry liminf X n > —00. Hence the walk localizes on a finite set almost 
surely. 

Let us now assume, by contradiction, that \R'\ = N + 1 > 6 with positive 
probability. Thus, according to Lemma 13.71 there exists some initial local time 
configuration C such that, for the C-VRRW X on [0, NJ, the event 

£ := {F+(0) + Y~{N) < 00} n {X visits and N i.o.} 
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has positive probability. Moreover, using 0, we have 
W(Z n (2))-W(Z n (0)) = Y-(3) 

w(z n (S))-w(2 n (i)) r-(4)-r+(o). 

On the event £, the quantity 1^(0) is finite whereas Y^(3) and Y~~^(A) are infinite 
according to Lemma l3~3l since N > 5. Thus, for all A > 0, the stopping time 



X n — 2 

T A := inf { n > : W(Z n (0)) < W{Z n {2)) - A 
W(Z n (l))<W{Z n (3))-A 

is finite on £. We claim that 

(17) P{Y^(1) = co I Ta < oo} -> asA^oo. 

For the time being, assume that (fTT)) holds. As before, Lemma T3.3I states that, on 
£, we have Y~^(l) = oo. Thus, for all A > 0, we get 

P{£ } < P {{?+(!) = n {?a < oo}} < P{F+(1) = oo | T A < oo}, 

which yields P{£} = and contradicts the initial assumption that the walk localizes 
with positive probability on more than 5 sites. 

It remains to prove (|17p . For A > 0, consider a process X A which is, up to time 
Ta, equal to the VRRW X on [0,-ZV] and which, after time Ta, has the transition 
of the VRRW restricted on [0,2]. In view of Lemma l3.6[ we can construct X A 
together with X in such way that, with obvious notation, 

Y+(0)<Y A <+(0) and r+(i)<y£+(i). 

After time T Al the process X A is simply an urn process. Hence, using the same 
arguments as in the proof of Proposition for n > Ta, the process 

M A :=W(Z A (0))-W(Z A (2)) 

is a martingale with quadratic variation bounded by 2J2 n l/w(n) 2 . Noticing that, 
by definition of T A , we have M A < —A, the maximal inequality for martingales 
shows that, for any e > 0, there exists a constant C > 0, such that for all A > 0, 

(18) pjsup W(Z a (0))-W(Z a (2))>-A + C\T Ta }<s. 

Moreover, for every odd integer n > Ta, we have X A = 1 from which we deduce 
that, for all ti>Ta, 

Z A (1) > Z A (2) + Z A (0) + Z A A (1)~Z A A (0)-Z A A (2) > Z A {2)-Z A A {2). 
On the event {su P „> Ta W(Z a (0)) - W(Z A (2)) <-A + C}, we get, for n > T A , 
Z A (\) > W-HW(Z A (0) +A-C)- Z A A {2). 



This yields 

F£+(o) = ? r ^ + (o)+ 2 



„ »(^(D) 



< y£T(o) 



Ta v w (VF- 1 (VF(n)+A-C)-Z4(2)) 



n>0 v v^V"^^ W ^T 4 
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with the convention w(x) = w(0) for x < 0. Thus, according to Lemma 15.51 of 
the appendix, for A > a c (w) + C, we have Y^ ,+ (0) < oo on the event {T A < 
00} n {su P „> Ta W(Z a (0)) - W(Z A [2)) < -A + C}. Using we obtain 

(19) F{Y£+(p) = oo\T A <oo} <e. 
We can now choose Aq > a c (w) + C and K > such that 

nY£" + (Q)>K\T Ao <oo}<2e. 

Notice that for A > Aq, the random variable Y^' + (0) is stochastically dominated 
by Y A °' + (0) (this is again a consequence of Lemma [3.61 using the same time- line 
construction for X A and X A °). Moreover, by hypothesis, 

P{T A < 00} > ¥{£} := c> 0, 

hence 

(20) Wl > A , F{Y A ' + (0) > K \T A <oo}< 2e/c. 

Finally, we consider a third process A^ 1 which coincides up to time T A with X and 
X A , and which, after time T A , has the transition of the VRRW restricted on [0, 3]. 
Again, we can construct these processes in such way that Y A ' + (0) stochastically 
dominates Y A ' + (0). This domination implies, that (|2T)f also holds with Y A ' + (0) in 
place ofY^ ,+ (0). Moreover, 

M A (2) := W(Z A (3)) - W(Z A (1)) + f/'+(0) n > T A , 

is a martingale with bounded quadratic variation. As before, we deduce from the 
maximal inequality for martingales, that, for some constant C > depending only 
on e and the weight function w, 



inf M A (2) - Mi (2) < -C" 

n>T A A ~ 



?t a } < e. 



Using the facts that M^ A {2) > A and that Y A ' + (0) > K with probability smaller 
than 2e/c on the event {T A < 00}, we obtain 

P ( inf W(Z A (3)) - W{Z A {1)) < -C -K + A T A < 00 I < e', 

yn>T A J 

with e' = e(l + 2/c). We now fix A large enough such that A — C — K > a c (w). 
Using the trivial relation Z A (2) > Z A {3) - Z$ A {3) for n > T A , we deduce, in the 
same way as for the proof of (fT9| , that 



'+(!) = 00 T A <oo}<e'. 



We conclude the proof of (|17|) by noticing that Y^' + (l) stochastically dominates 
Y+(l). □ 

Lemma 4.8. Assume that w is non- decreasing and that ~^2 n ^/w(n) 2 < 00. Fix 
oo<a<0<6<oo and let X be a C-VRRW on [a, bj for some initial local time 
configuration C . Set 

5 := lim W{Z n {l)) — W{Z n {— 1)) when the limit exists. 

n— >oo 

Then, for any Sq € R, we /lave 

P{{(5 exists and equals 5q} PI {^oo(0) = 00}} = 0. 
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Proof. Since the weights w and Xw (for A > 0) define the same VRRW, we assume, 
without loss of generality that w(Zq(1)) = 1. Recalling the time-line construc- 
tion described in Section |3J we create the C-VRRW X on [a, &] from a collection 
((£(!/),« >0),tf€ R&D- Set 

W := ((£(*), n > 0, y jt 0), (C (0), n > 0), (£(0), n > 1)) e K* 

and let /x denote the product measure on under which H is a collection of i.i.d. 
exponential random variables with mean 1. Then, given H and some other variable 
£o"(0)i the pair (H,£o(0)) defines a process X = X(H,£,q(0)) via the time-line 
construction which is a VRRW under the product probability P := fix Exp(l). For 
u > 0, define 

B u = {W £ M+, S(7-L,u) exists and equals Sq and Zoo(0) = oo} 

and 

B = {(H, u) e R f l x K+, H e B u ). 
We will prove that, for almost every u > and ft, > 0, 

(21) n{Bu n 6„+4 - o. 

This equation implies that {u € R + , /i{£> u } > 0} has zero Lebesgue measure. Hence 
¥{{S = S Q } n {2^(0) = oo}} = ¥{B} = f e~ u ii{B u }du = 0. 



It remains to prove (|2f p . Given (H,u) such that ^^(1) = Z oc (— 1) = oo, we can 
define, as in the proof of Lemma 15751 the increasing sequences (i^ , k > 0) such that, 
for all n > 0, 



W(*fc) 



i? <n 



For i > 0, define also 



(22) ^:=irf n : £ ^ > t 

Thus, 2j represents the local time at site ±1 when the clock process attached to 
site has consumed a time t. Hence, another way to define z t is to consider 
the continuous-time process (X(s),s > 0) associated with (H,u) via the time- line 
construction (recall that X is deduced from X by a change of time). Defining 



T t := inf js > 0, / l{jt s = yds > *}> 

i/ 



we get that = Z Tt (±l). 

Let us notice that, on £>, P-a.s., we have 2 00 (— 1) = Zoo(l) = oo so the sequences 
(z^ ) are well defined for all fc > 0. Moreover, on the event {Zoo(— 1) = Z^l) = oo}, 
the total time consumed by the clock process at site is infinite P-a.s. (see the 
proof of Lemma |3.3[) . Hence, on B 7 the random variables z t are finite for all t > 0, 
P-a.s. Define 

S t := W(z+) - W{zi) = W(Z Tt (lj) - W{Z Tt {-\)). 
By definition of S, we get 

lim St = S. P-a.s. on B. 
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Thus, for almost any u > (with respect to the Lebesgue measure), we have 
(23) Urn 6 t (H,u) = S(H,u) for fi-a.e. U e B u . 

i— >oo 

Now let u, h > be fixed and such that (|2"3")) holds for it and it + h. Pick % G 
B u H Bu+h- Lemma 13.21 implies that, for all k > 0, we have 



il{U,u + h)<il{U,u) and i^(H,u + h) > ik(H,u). 
Recalling that w(Zq(1)) = w(iq ) = 1, we deduce from (|22|) that, for i > 0, 

Zt~(H,u + h) < zj~_ h (H,u) and z^~(H, u + h) > z^~(H, u). 
This yields 

5 t (H,u)-5 t (H,u + h) > W(z+(H,u))-W(z+_ h (H,u)) 

1 



> 



E 



Z +_„<fc<2 t + 

* E 



w(k) 
1 



where ^ + and ijj" stand for z~£_ h (H, u), z^^H, u) and i^{H, u). In view of 
we deduce that, for almost every u,h > 0, we have 

li{B u n B u+h ] < fi{B u n {limsup A+ h (t) = 0}}. 



It remains to prove that the r.h.s. in the previous inequality is equal to zero. For 
H € B u , the quantity 



h* t (H,u):= Yl 

is well defined. Moreover, it is clear that, 
(24) 

On the other hand, we have 



4 + (Q) 



lim h* t = h /i-a.s. on B u . 

t— ¥OQ 



l^-A^(t)| 2 li 3u <2 Y, 



i-4 + (Q) 



{8 k <oo} 



+ 2 



{9 fc <oo} , 



where Ok denotes the time of the fc-th jump of X from 1 to 0. Let (J-"t,i > 0) 
denote the natural filtration of the continuous time process X t (-,u). Using the 
same argument as in the proof of (fTU)) . we find that 



< 41 



E 

k — t — h 



1 



{0 fe <oo} 



w(i+) 2 
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t—h 



This yields 

n{\K-Al h (t)\^>h/2\ K- h }<^ E 

k>z + 

Hence, by monotone convergence, 

(25) lim n{\h* t - A+ ft (t)|l B „ > h/2} = 
Combining (J2U) and (f25)) , we conclude that 

lim / i{s„n{A+ fe (t)< h/A}\ 

t — >oo L ' ) 

< lim fx \b u n {\h* t - A+ h (t)\ > h/2}\ + lim Jb u n {h* t < 3h/4}\ = 0, 

which implies /i{S M n {limsup^^ h (t) = 0}} =0. □ 

We can now prove the last part of Theorem 11.11 

Proposition 4.9. Assume that w is non- decreasing and that ([1} holds. Then 

a c (w) = ==>■ 7^ 5 almost surely. 

Proof. Assume by contradiction that a c (w) = and that |i?'| = 5 holds with 
positive probability. Thus there exists an initial local time configuration C such 
that, for the C-VRRW X on [0,4], the event 

£ := {Y+(0) + y~(4) < oo} n {X visits and 4 i.o.} 

has positive probability. Moreover, Equation ([9]) yields, for n > 0, 

W(Z n (l)) - W(Z n (3)) = F+(0) - M„(2) - F-(4) + c, 

for some constant c depending on the initial configuration. On the event £ , each 
term on the r.h.s. of this equation converges to a limit, thus 

lim W{Z n (l)) - W(Z n (3)) = Y+(0) - M«,(2) - F"(4) + c =: 5 

n— >oo 

exists and is finite. Moreover, Lemma T4.8I implies that P{{5 = 0} n £} = 0. Let us 
now prove that the event £ D {5 > 0} has probability (the same result holds for 
5 < by symmetry). On this event, for n large enough, we get 

(26) W(Z n (l))>W(Z n {3))+S\ 
with 5' = 5/2. Besides, we have 

W(Z n (2))-W(Z n (0)) = Y-(3) 
W{Z n {2))-W{Z n (A)) = Y+{l). 

Since, on £, the quantities 1^(3) and Y^(l) are infinite (c.f. Lemma 13. 3p . we 
deduce that Z n (2) is larger than Z n (0) and Z n {4) for n large enough. Moreover, 
by periodicity, the sum of these three quantities is, up to a constant, equal to n/2. 
Thus, for n large enough, we obtain 

n 

3Z n {2) >-> Z n (l). 
Using (p?6")) , we get, for n large enough, on the event £ H {5 > 0}, 

1 {X„=3,X„ + 1 =2} < 1 {X n =3} < 1 {A„=3} 



w{Z n {2)) ~ w(Z n (l)/3) ~ w{W-^{W{Z n {3)) + 5')/3y 
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Since a c (w) = 0, it follows from Lemma 15.51 of the Appendix that 1^(3) is finite 
which contradicts the fact that X visits all the sites of [0,4] infinitely often. □ 

Theorem 11.11 is now a consequence of Propositions I4.5[ 14. 6[ 14.71 and 14.91 Let 
us conclude this section by remarking that we can also describe the shape of the 
asymptotic local time configuration when a c (w) < oo. Indeed, collecting the results 
obtained during the proof of the theorem, it is not difficult to check (the details 
being left out for the reader) that the asymptotic local time profile of the walk on 
R! at time n takes the form: 

Localization on 4 sites Localization on 5 sites 



f 


n 


n 




< 7), 


2 


2 


r n 


X 


1 

x + 1 


1 + 2 


x + 3 



e(n) 
I — 



R.„ 



e'(n) 



x+1 



W(n/2) - W{t n ) - 
W(n/2) - W(r n ) 
S, 8' > ct c (w) 



5 
6' 



L n + R n ~ n/2 
W(R n ) - W(L n ) -> S 
< \S\ < a c (w) 



In particular, when the walk localizes on 4 sites, only the two central sites are 
visited a non- negligible proportion of time (this follows from (j30|) of Lemma 15.51 of 
the appendix). When the walk localizes on 5 sites, a more unusual behaviour may 
happen. If the weight function is regularly varying (for example w(n) ~ n log log n) , 
then, again, the walk spends asymptotically all its time on two consecutive vertices: 

L n A R n L n V R n 1 
lim = U and Inn = — . 

n— >oo Tl n— >oo fi 2 

However, this result is not true for general weight functions. In fact, the ratio 
Z n {y)/n of time spent at site y may not converge. For instance, considering the 
weight sequence wq of Remark 15.41 of the appendix, we find that when the walk 
localizes on 5 sites: 

. ^Tl A Ryi L n A Ryi 

hmini = but hmsup > 0. 

n „^oo n 

Finally, let us mention that the functions e(n) and e'(n) can also be explicitly 
computed for particular weights sequences. For example, for w(n) = nloglogri, 
using (|n]) and similar arguments as in the proof of (|10l) , we find that 

Tl/2 

W(e(n)) = Y+(x + l) = y"-^- and W(e'(n)) = W(n/2) - W(e(n)) 

where pk denotes the probability of the walk to jump to site x + 1 at its fc-th visit to 
x + 2 (i.e. pk ~ L2k/k). Thus, after some (rather tedious) calculations, we deduce 
that, on the event 5 := lim„_ >00 W(R n ) — W(L n ) £ (0, 1), the asymptotic local time 
profile on R' takes the form: 

I 1 1 1 1 

x x+1 x+2 x+3 x+A 
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5. Appendix 

Proposition 5.1. Let w and w denote two non- decreasing weight functions. 

(a) For any A > ; we have a c (w) = Xa c (Xw) (scaling). 

(b) If w <w, then a c (w) > a c (w) (monotonicity) . 

(c) Ifw^w, then a c {w) = a c {w) (asymptotic equivalence) . 

Proof. The scaling property (a) follows directly from the relation XI a (Xw) = I\ a (w) . 
We now prove (b). For x > and a > 0, set u(x, a) := W~ 1 (W(x) + a) and define 
u(x, a) similarly for w. We have, 

(27) / — - dt = / t^-t dt = a. 

1 ' Jx w{t) J x w(t) 

When w < w, the equality above implies that u(x, a) < u(x, a) for all x and all 
a > 0. Since w is non-decreasing we get w(u(x,a)) < w(u(x, a)), hence I a (w) > 
I a (w). This establishes (b). 

Suppose now that w and w are two weight functions such that w(x) = w(x) for 
all x larger than some xq. Then, in view of (|27j). we see that u(x,a) = u(x,a) 
for all a > and all x > xq. Hence a c (w) = a c (w). This shows that a c (w) does 
not depend upon the values taken by w on any compact interval [0,xo]. Thus (c) 
follows directly from (a) and (b). □ 



Remark 5.2. Theorem \l.l\ states that when ct c (w) is finite and non-zero, the walk 
localizes on either 4 or 5 sites. It would certainly be interesting to estimate the 
probability of each of these events. This seems a difficult question. Let us remark 
that these probabilities are not (directly) related to a c (w). Indeed, for any X > 1, 
the weight functions w and Xw define the same VRRW yet, a c (w) ^ a c (Xw). 

Proof of Proposition \1.2[ We just need to check that a c (a;loglogx) = 1. For x > 1, 
set 

w(x) := x(l + L(logx)), 

where L denotes the Lambert function defined as the solution of L(x)e L ^ = x. 
Then it follows from elementary calculation that 

wiyV-^ix)) _ x x {l + \ogx) e~ a 

w(W- 1 {x + a)) ~ (x + a) x+a {l + log(x + a)) x^oo x a ' 

Therefore a c (w) = 1. Using now the well known equivalence L{x) ~ log(x), we 
conclude using (c) of Proposition IQ1 that a c (x log log x) = 1. □ 

Lemma 5.3. Assume that w is non- decreasing. We have 

lim inf — — - > 



a c (w) 

In particular, when a c (w) < oo then ^ l/w(n) 2 < oo and if a c (w) = then w has 
super-linear growth. 

Proof. In view of the scaling property XI a (Xw) = I\ a (w), we just need to prove 
that lim inf w{x)/x < 1 implies Ii(w) = oo. Thus, let us assume that for some 
e > 0, there exist arbitrarily large x such that w{x)/x < 1 — e. Then, for such an 
x and for y < ex, we have, since w is non-decreasing, 

W(y + (l-s)x)-W(y)= > L> > ^ 

J w(z) w(x) 
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which we can rewrite as 



1 1 

> 



W- x {W{y) + 1) ~ y+(l- e)x' 
Thus, 



(28) / 

J ex 



1 £ 

> 



Since there exist arbitrarily large a: such that (|28p holds, we conclude that I\ (w) = 
oo. 

□ 

Remark 5.4. 77ie previous lemma cannot be improved without additional assump- 
tions on w. Indeed, consider the weight function wq defined by Wq(x) = (n!) 2 for 
x G [((n — l)!) 2 , {nl) 2 ), n G N*. /i is easiZy seen £/ia£ 

. wp(g) 1 
limint = 1 = 



x-s-ao x a c (wo) 

This provides an example of a weight function which does not uniformly grow faster 
than linearly and yet for which the VRRW localizes on 4 sites with positive probabil- 
ity. On the other hand, if w is assumed to be regularly varying, then using similar 
arguments to those in the proof above, one can check that the finiteness of a c (w) 
implies linioo w(x)/x = oo. 

Lemma 5.5. Assume that w is non- decreasing and a c (w) < oo, for any < S < 5' , 
we have 

,. . , W- x (W(x) +5') jLdL 

29 Urn inf /. ;. ; . -f > e =^=5 . 

x^oo W- 1 (W(x) +S) 

Furthermore, for S > a c (w), 

(30) lim X , = 0. 

As a consequence: 

(a) For any 6 > a c (w) and any eel, 

S w(W- 1 (W(n)+5)-c) < °°' 

(b) If a c (w) = 0, then, for any 6, 7 > 0, 

00 _^ 

^ w{ 1 W- 1 (W(n) +5)) < °°" 
Proof. Recall the notation u(x, S) := W~ 1 (W(x) + S). We have 

(x,S) w ( s ) 

Using Lemma 15.31 and the fact that u(x, 6) tends to infinity as x goes to infinity, 
we get, for any a > a c (w), 

r ■ *i f< x > s ')\ r ■ t r (x, ° ds ^ v r (x,s,) ds 6 '- 6 

lim ml log — - — -T- = lim ml / — > hm / --— = 

z-k>o \u(x,d) ) j^j) s x ^°°J u (x,s) om)[s) a 
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which yields ([29)) . Assertion (a) now follows from ([29)) noticing that, for a c (w) < 
7 < 8, we have W~ 1 (W(n) + 5) — c > W~ 1 (W(n) + 7) for all n large enough. The 
proof of Assertion (b) is similar. 

It remains to prove ([50)) . Let S > a c (w) and pick e > small enough such that 
a c (w) < 5 — e. Assume by contradiction that, for some A > 0, we can find xq 
arbitrarily large such that u(xq, 5) < Axq. Then, for all x < Xo, 

r«(*,*) ^ < f A*o dy Axo 



lu(x,s-e) w (y) Jo w(u(x,6-e)) w(u(x,S-e)) 
which, in turn, implies 



dx s 



L /2 w(u(x,5-s)) 2A 
and contradicts the fact that I$- e (w) < 00. □ 

Lemma 5.6. Assume that w is non- decreasing. For any f3 < a c (w), we have 



00 

E - 



w(n + W- l {W{n)+p)) 

Proof. Choose a £ (/3, a c (w)). Since w is non-decreasing, for any t > and any 
m < n, we have 

(31) u(n, t) — u(m, t) > n — m. 

Assume now that, for some large n, we have n+u(n, j3) > u(n, a). Then, necessarily, 
there exists k S [u(n,/3),u(n,a)], such that w(k) < n/(a — j3). In particular, 
since w is non-decreasing, w(u(n,f3)) < n/(a — 0). Moreover, using ([3T)l . we get 
m + u(m, /3) < u{n,f3) for all m < n/2. Thus we also have w;(m + ix(m,/3)) < 
n/(a — /3), for all m < n/2. It follows that 

n / 2 1 a 
\ - 1 > a- P 

Therefore if n + u(n, /3) > u(n, a), for infinitely many n, the desired result follows. 
Conversely, if the inequality above holds only for finitely many n, then because w 
is non-decreasing, the result follows as well from the fact that I a (w) =00. □ 
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